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1. Introduction 

The  t r e a t m e n t  of  n o n s i m i l a r  s o l u t i o n  of b o u n d a r y  l a y e r  e q u a t i o n  wi th  z e r o  
p r e s s u r e  g r a d i e n t  a s  p e r t u r b a t i o n s  f r o m  B l a s i u s  s o l u t i o n  w a s  o u t l i n e d  b y  
S t e w a r t s o n  [1 ] .  T h e  d i s c r e t e  e i g e n v a l u e s  and  e i g e n f u n c t i o n s  of the p e r t u r -  
b a t i o n  e q u a t i o n  w e r e  o b t a i n e d  b y  L i b b y  and  F o x  [ 2 ] .  T h e y  h a v e  a p p l i e d  
t h e s e  p e r t u r b a t i o n  s o l u t i o n s  to s o l v e  i n i t i a l  v a l u e  p r o b l e m s  wi th  s u c c e s s  
w h e n  the i n i t i a l  p r o f i l e s  do  not  d i f f e r  m u c h  f r o m  a B l a s i u s  p r o f i l e .  In  t h e i r  
f o r m u l a t i o n ,  the t a n g e n t i a l  v e l o c i t y  u a l o n g  the s u r f a c e  w i th  x a s  the a r c  
l e n g t h  and y a s  the n o r m a l  c o o r d i n a t e  i s  w r i t t e n  a s  

u ( x , y )  = f n ( x , o ) - - ,  f~(r~) + f l . , ) ( x , n )  + fz, n ( x , ~ )  + . . .  

w h e r e  fo i s  the B l a s i u s  s o l u t i o n  and  r/ i s  the B l a s i u s  v a r i a b l e  wi th  r; = 
y(2ux) ' �89  and  v i s  the k i n e m a t i c  v i s c o s i t y .  I t  s u f f i c e s  to d i s c u s s  on ly  the 
two d i m e n s i o n a l  i n c o m p r e s s i b l e  b o u n d a r y  l a y e r ,  s i n c e  the  g e n e r a l i z a t i o n  
to c o m p r e s s i b l e  and a x i a l l y  s y m m e t r i c a l  c a s e s  c a n  a l w a y s  be  a c h i e v e d  b y  
the s t a n d a r d  t r a n s f o r m a t i o n  of M a n g l e r - H o w a r t h  e t  a i .  [3 ] w h e n  the a p -  
p r o p r i a t e  a s s u m p t i o n s  a r e  a c c e p t e d .  The  p e r t u r b a t i o n  s o l u t i o n  f !  (x, r/) s a -  
t i s f i e s  the f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n ,  

+ % f l . ~ n  + " : 2 x  ( f , f  - ) fl.~WW fof l  1.x~ f " f l , x  (1.1) 

the i n i t i a l  c o n d i t i o n  at  x = x o, 

f l .% (Xo, r/) = F(Xo, r/) - f'o(r/) (1 .2 )  

and the  b o u n d a r y  c o n d i t i o n s  

fl.n(x,o) = f1(x,o) = 0 (1.3) 

and fl.~(x' ~ ~-) -~ 0 (1.4) 

The function F(xo, r7 ) is related to the initial profile g(y) by the transfor- 
mation of  the v a r i a b l e  y to rT, i . e . ,  

U(Xo, Y) = g ( y ) =  g ~ ( 2 U X o )  �89 = F ( X o , ~ )  (1 .5 )  

The  s o l u t i o n  f l ( x , r ; )  i s  w r i t t e n  [2] in the f o r m  

f:,~ (x,~) : ~ An(x/Xo) -xn N'(~) (:.6) 
n=l, 2.. 

In and N n are the eigenvalues and the normalized eigenfunctions respect- 
ively. The coefficients A n are defined by means of the orthogonal condi- 
tions as follows 
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A n -- ~E( f~)4 / f~]  [F(x o,  ~ ) -  f ' ( ~ ) ]  d~ / f"  ' (Nn / f "  )' dr} (1.7)  
O 

The d i s c r e t e  e i genva l ue s  a r e  ~obtained when the w e a k e r  bounda ry  condi t ion  
at ~? ---~, Eq.  (1.4),  is  r e p l a c e d  by the r e q u i r e m e n t  of exponen t i a l  decay ,  
i , e . ,  

f l .~ (x, T] -* ,~) -~ 0 [exp(-Y])] (1 .8)  

Since the v a r i a b l e  x does  not appea r  exp l i c i t e l y  in the bounda ry  l a y e r  equa-  
t ion with z e r o  p r e s s u r e  g rad ien t ,  the so lu t ion  should depend only on the 
ini t ia l  p ro f i l e  g(y) and should be independent  of the va lue  of x o which has  
b e e n  used to des igna te  the in i t ia l  s ta t ion  x = x o. However ,  the p e r t u r b a t i o n  
so lu t ion  doe s  depend on the cho ice  of Xo s ince  the bas ic  B las ius  solut ion,  
the in i t ia l  condi t ion,  eqs .  (1.3),  (1.5),  and d i f f e r en t i a l  equa t ion  (1.1)  de-  
pend on x o when y is  t r a n s f o r m e d  to 9- 

I n  Ref.  2, the va lue  of x o is  def ined by p lac ing  the o r ig in  at the leading  
edge o r  the s tagna t ion  point on the body s u r f a c e .  At the sugges t ion  of 
F e r r i ,  the po s s i b i l i t y  of i m prov i ng  the p e r t u r b a t i o n  so lu t ions  is demon-  
s t r a t e d  by Fox  and Chen [4]  by ad jus t ing  the value  of x o along the con-  
ven t iona l  idea l s  of ma tch ing  e i t h e r  the d i s p l a c e m e n t  th ickness ,  the mo-  
m e n t u m  th i c knes s  o r  the in i t ia l  s h e a r  s t r e s s  at wall  of the Blas ius  solu-  
t ion with that of the in i t ia l  p ro f i l e .  

It i s  the pu rpose  of this  p a p e r  to find a unique method  of def ining Xo by 
the e x a m i n a t i o n  of the so lu t ion  of a s impl i f i ed  bounda ry  l a y e r  equat ion,  
n a m e l y  t h e  hea t  conduct ion  equat ion .  F o r  the uns teady  l i n e a r  hea t  flow 
p r o b l e m s ,  the exac t  so lu t ions  a r e  ava i lab le .  By a shif t  of t ime sca le  by 
an a p p r o p r i a t e  amount ,  to, the f i r s t  two t e r m s  of the a s y m p t o t i c  expans ion  
a r e  c omb ine d  to one to f o r m  the op t imum one t e r m  a sympto t i c  r e p r e s e n -  
ta t ion.  Th is  method  of d e t e r m i n a t i o n  of the op t imum ini t ia l  s ta t ion  t o r e l i e s  
on the knowledge of the exac t  solut ion.  This  method,  t h e r e f o r e ,  cannot  be 
appl ied  to d e t e r m i n e  the op t i m um ini t ia l  s ta t ion  x o fo r  the p e r t p r b a t i o n  
so lu t ion  of bounda r y  l a y e r  equat ion.  

C o r r e s p o n d i n g  to the p e r t u r b a t i o n  so lu t ion  fo r  the bounda ry  l a y e r  equa-  
tion, t he  p e r t u r b a t i o n  so lu t ion  o r  the s e r i e s  so lu t ions  a r e  obta ined with an 
a r b i t r a r y  shif t  of t ime sca l e  b y  the amount  t* with t*>0. S imi l a r ly ,  when 
the r e q u i r e m e n t  of so lu t ions  with exponen t i a l  decay  is imposed ,  d i s c r e t e  
e i g e n v a l u e s  a r e  obta ined.  The coe f f i c i en t s  will  be f inite if the in i t ia l  data  
a l so  p o s s e s s e s  the p r o p e r t y  o f  exponen t ia l  decay .  The p o s s e s s i o n  of such 
p r o p e r t y  fo r  the in i t ia l  bounda r y  l a y e r  p rof i l e  has  been  taken fo r  g ran ted .  

The f i r s t  t e r m  of the s e r i e s  so lu t ion  is  ident i f ied  with the f i r s t  t e r m  of 
the a s y m p t o t i c  so lu t ion  with the s ame  shift ,  t*, in t ime sca le .  F o r  l a rge  
t ime,  the s e r i e s  so lu t ion  a g r e e s  with the a sympto t i c  so lu t ion .  The f i r s t  
two t e r m s  of the s e r i e s  d e g e n e r a t e  to one when the t ime shif t  t* is so 
chos e n  that  the in i t ia l  d a t a  is  o r thogona l  to the second e igenfunc t ion  and 
hence  the coe f f i c i en t  of the second  t e r m  v a n i s h e s .  The va lue  t* so def ined 
is  i den t i ca l  to the va lue  to and the lead ing  t e r m  is then iden t ica l  with the 
op t imum one t e r m  a sym pt o t i c  r e p r e s e n t a t i o n .  

F o r  b o u n d a r y  l a y e r  so lu t ions ,  the Blas ius  so lu t ion  with any va lue  of x o 
f o r  the in i t ia l  s t a t ion  r e p r e s e n t s  the leading  t e r m  of the a s y m p t o t i c  so-  
lut ion.  The p e r t u r b a t i o n  solut ion which d e c a y s  f a s t e r  in x can be cons i -  
d e r e d  as  the h i ghe r  o r d e r  a sympto t i c  so lu t ions .  With this i n t e r p r e t a t i o n  
the B la s iu s  so lu t ion  will  be the op t imum one t e r m  solu t ion  if the value  x o 
is  so c h o s e n  that the next  t e r m  i . e . ,  the f i r s t  t e r m  of the p e r t u r b a t i o n  
so lu t ion  v a n i s h e s .  Xo is  t h e r e f o r e  def ined by the condi t ion  that the dev ia t ion  
of the in i t ia l  p ro f i l e  f r o m  the Blas ius  solut ion is o r thogona l  to the f i r s t  
e igen func t ion  of the p e r t u r b a t i o n  equat ion .  

"The  advantage  of def in ing x o in this  m a n n e r  ins tead  of o the r  me thods ,  
e . g . ,  ma t c h ing  of d i s p l a c e m e n t  or  m o m e n t u m  th ickness ,  is  c o n f i r m e d  by 
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c o m p a r i n g  the c o r r e s p o n d i n g  B l a s i u s  s o l u t i o n s  wi th  the f in i t e  d i f f e r e n c e  
s o l u t i o n s  f o r  a wide  v a r i e t y  of  in i t i a l  p r o f i l e s .  

The  i d e n t i f i c a t i o n  of the p e r t u r b a t i o n  s o l u t i o n s  a s  a s y m p t o t i c  s o l u t i o n s  
r e s o l v e s  the i n d e t e r m i n a n c y  in the p e r t u r b a t i o n  s o l u t i o n .  In a s u b s e q u e n t  
p a p e r ,  the h i g h e r  o r d e r  a s y m p t o t i c  s o l u t i o n s  wi l l  be  v i e w e d  a s  p e r t u r b a t i o n  
s o l u t i o n s ' s o  that  the a p p e a r a n c e  of  log  t e r m s  c a n  be  p r e d i c t e d  and  d e t e r -  
m i n e d  d i r e c t l y .  

2. Optimum One Term Asymptotic Representation of Linear Flow of Heat 

The  e q u a t i o n  of l i n e a r  f low of h e a t  p a r a l l e d  to y - a x i s  i s  

8 2 u / a y  2 - ( l / k )  (On/at)  = 0 (2. i )  

w h e r e  u i s  the t e m p e r a t u r e  and k the d i f f u s i v i t y .  The  s o l u t i o n  of the e q u a -  
t ion  of linear flow of heat in the infinite region, -,~<y<~, with the initial 
condition, 

u : g{y) when  t = 0 (2 .2 )  

c a n  be  e x p r e s s e d  a s  an i n t e g r a l  of  the e l e m e n t a r y  s o u r c e  so lu t i on ,  

u (y, t) -' �89 -~ f g(y')exp [-(y-y')2/C4kt)]dy' (2.3) 

The  s t a n d a r d  s y m b o l s  f o r  the e r r o r  f u n c t i o n  e r f  ~ and i t s  d e r i v a t i v e s  
~n(~)  = d n e r f ( ~ ) / d ~  n wi l l  be  i n t r o d u c e d .  With  ~ d e f i n e d  as  ( y ' - y ) / ( 4 k t ) � 8 9  
the s o l u t i o n  u(y, t) c a n  be  w r i t t e n  as  

u(y, t) = �89 ; g(y,) ~)~(~)d~ 
i* 

w h e r e  ~* = - y / ( 4 k t )  �89 is  the v a l u e  of  ~ at  y '  = 0. 
By  m e a n s  of i n t e g r a t i o n  by  p a r t s  and the m e t h o d  of  i nduc t ion ,  
shown  tha t  

(2.4) 

i t  can be  

u ( y , t )  = �89 E (4kt) "n/2 ~ n ( ~ ' ) [ ( n - 1 ) ' ]  -1 y n - l g ( ~ ) d ~  
n r - 1  - * o  

+ �89 -(N+1)/2 [ ( N - 1 ) t . ] ' l { / d Y ' ~ N + l  ( ~ ) ; ~ - y ' )  

- dy,~N+l 1~) (y - y , )N-1 g(y)dy  
0 -Go 

N-1 gff)~y 

(2.5) 

The  f i r s t  N t e r m s  r e p r e s e n t  the a s y m p t o t i c  e x p a n s i o n  of  u f o r  larvae t and 
the l a s t  t e r m ,  r e p r e s e n t i n g  the d i f f e r e n c e ,  i s  of the o r d e r  of  t "/l~+D/2 . 
Of  c o u r s e ,  th i s  r e p r e s e n t a t i o n  is  m e a n i n g f u l  o n ly  w h en  y n g (y )  iS i n t e g r a b l e  
f r o m  - ~  to +| It i s  t h e r e f o r e  n e c e s s a r y  that  the i n i t i a l  d a t a  g(y)  shou ld  
have  the p r o p e r t y  that  

g(y) = o ( l y  ] -~)  f o r  any  a > o as  y ~ ~ (2 .6 )  
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Since the i n i t i a l  d a t a  g(y) c a n  a l w a y s  be w r i t t e n  as  the s u m  of an  even  
func t ion  / g ( y )  + g ( - y ) ] / 2  and an odd func t ion  [g(y)  - g ( - y ) ] / 2  and the so-  
lu t ion  de pe nds  linear~ly on g, the so lu t ion  can  be spl i t  into even  and odd 
s o l u t i o n s  which  wil l  be e x a m i n e d  s e p a r a t e l y .  With kt r e p l a c e d  by  ~,x and u 
i n t e r p r e t e d  as  the x - c o m p o n e n t  of ve loc i ty ,  the even  so lu t ion  c a n  be r e a -  
d i ly  i den t i f i ed  as  the f a r  wake so lu t ion  L6J and the odd so lu t ion  r e p r e s e n t s  
the b o u n d a r y  l a y e r  so lu t ion  a long  a f ia t  p la te  s u b j e c t e d  to the O s e e n - C a r r i e r  
[ 7 ] a p p r o x i m a t i o n ,  

F o r  an  e v e n  in i t i a l  p ro f i l e ,  the a s y m p t o t i c  r e p r e s e n t a t i o n  fo r  the so lu-  
t ion b e c o m e s  

u(y, t) : u( -y ,  t) ~' �89 :�89 ~1 (5") j g(5")dY 

+ �89 (4kt)-3/2 ~a (~,);(,~2 2)g(~)d~ 
- o o  

2N+I 
+ �89 E (4kt) "n/~ ~a (~*) j yn-1 [ ( n - 1 ) ' ]  g(~)d~ 

5,7 . ~  

+ o lit) ] (2 .7)  

~ g(~)d~ + 0(t -a/2 ) (2.8)  
m . ,  

With ~1(~) = d ( e r f ~ r  = 2(~r)'�89 2 / (4k t ) ]  the f i r s t  t e r m  r e p r e s e n t s  
o o  

the s o u r c e  so lu t ion  at y = 0, t = 0, and of the s t r e n g t h  I g ~ ) d y  which  is  

the i n t e g r a l  of the in i t i a l  p r o f i l e .  
Since the t - d e r i v a t i v e  of t - ~ l ( ~ )  is  �89 [_1+2(~,)2]~1 (~*), w h i c h i s  

( i / 4 ) t  "3/2 ~)3(~*), the s econd  t e r m  is  p r o p o r t i o n a l  to the t - d e r i v a t i v e  of the 
f i r s t  t e r m .  The second  t e r m  can  be a b s o r b e d  by the f i r s t  t e r m  wi th  a shi f t  
of t i m e  sca l e  f r o m  t to ~ = t+t o w h e r e  

to = ~ k ;  "y2g('y}dy/ S g(~}d] (2 .9)  
. ~  - c o  

and eq.  (2.7)  b e c o m e s  

where ~* = -y/(4k~) �89 = -y/[4k(t + t o)]�89 
By the comparison of eq. (2.8) and eq. (2.10), the source solution orig- 
inated at the i n s t an t  t = - t o  wi l l  give a one t e r m  a s y m p t o t i c  r e p r e s e n t a t i o n  
of u with an a r r o r  of the o r d e r  of t -5/2 whi le  the s ame  s o u r c e  so lu t ion  
o r i g i n a t e d  at any  o t h e r  i n s t a n t  wi l l  give an  e r r o r  of the o r d e r  of t "3/2 . 

The o p t i m u m  one t e r m  a s y m p t o t i c  r e p r e s e n t a t i o n  of an even  so lu t ion  is  
t h e r e f o r e  a s o u r c e  so lu t ion  with s t r e n g t h  equal  to the i n t e g r a l  of the in i t i a l  
p ro f i l e  l o c a t e d  at y = 0 and o r i g i n a t e d  at the i n s t a n t  t = - t  o w h e r e  t o de-  
f ined  by  eq,  (2.9) r e p r e s e n t s  the s econd  m o m e n t  of the in i t i a l  p ro f i l e  
n o r m a l i z e d  by the s t r e n g t h  of the s o u r c e .  
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F o r  odd ini t ia l  prof i le ,  i . e . ,  g (y)=  -g( -y) ,  the a sympto t i c  s e r i e s  of eq. 
(2.5), r e t a i n s  only t e r m s  with n equal  to even in tegers ,  i . e . ,  

u(y, t) = -u ( -y ,  t) "~ �89 *) ; y g(y) dy 

+ �89 n~,8(4kt ) -u/2 On (~*) ,~n-1 [(n-1)i] -1 g(y)dy 

+ 0 [(t) "(N+I)] (2.11) 

"-'�89 ( 4 k t ) - l ~ ( ~ * ) ;  yg(y)dy + 0 i t -2) (2.12) 

The f i r s t  t e r m  r e p r e s e n t s  a doublet  solut ion loca ted  at y = 0 or ig ina ted  
at t = 0 and of the s t r eng th  of the f i r s t  m o m e n t  of the in i t ia l  prof i le ,  i . e .  

; y g(y)dy or  2 f y g(y)dy. The second t e r m  is again p ropor t iona l  to the 

f i r s t  t -der iva t ive~of  the f i r s t  t e r m  and can be absorbed  by the f i r s t  t e r m  
with a shift  of t ime scale  f r o m  t to ~ = t + t "  where  

--o~ -to 

(2.13) 

and eq. (2.12) b e c o m e s  

oO 

u(y , t )  : - u ( - y , t )  ~ " �89  ~ g(~)dy+ 0(t -3) (2.14) 

where  ~* = -y/(4kT) �89 = - y / [ 4 k ( t + t ' ) ]  �89 The doublet  r e p r e s e n t a t i o n  or ig i -  
nated at the ins tant  t = t"  r educe  the e r r o r  f r o m  the o r d e r  of t -2 to t :3 . 

The opt imum one t e r m  asympto t i c  r e p r e s e n t a t i o n  of an odd solut ion is 
t he re fo re  a doublet  solut ion with s t r eng th  equal  to the f i r s t  momen t  of the 
in i t ia l  prof i le  loca ted  at y = 0 and or ig ina ted  at the ins tant  t = - t "  where  
t' o def ined by eq. (2.13) r e p r e s e n t s  the thi rd  momen t  of the ini t ia l  prof i le  
n o r m a l i z e d  by the s t r eng th  of the doublet .  

The solut ion for  l i nea r  flow of heat  is  divided into even and odd solu-  
t ions with r e s p e c t  to the space va r i ab l e .  F o r  each solution,  the even or  
the odd, an op t imum shift  of t ime scale  is  defined such that the second 
t e r m  in the a sympto t i c  expans ion  for  l a rge  t d i s a p p e a r s .  

3. Series Solutions of Linear Flow of Heat 

F o r  boundary  l a y e r  equat ions  with ze ro  p r e s s u r e  gradient ,  pe r tu rba t ions  
f r o m  the Blas ius  solut ion have been obtained in the fo rm of s e r i e s  solu-~ 
t ions.  These pe r tu rba t ion  solut ions  not only are  a sympto t i c a l l y  of h igher  
o r d e r  than the Blas ius  solut ion fa r  downs t r eam,  i . e . ,  x ~ but a lso  r e -  
ma in  s m a l l e r  than the Blas ius  solut ion for  reg ion  near  the in i t ia l  s ta t ion  
in o r d e r  to ju s t i fy  the l i nea r i z a t i on  of boundary  l a y e r  equat ion.  Since the 
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e q u a t i o n  of h e a t  c o n d u c t i o n ,  eq .  (2,1), is l i n e a r ,  t h e r e  i s  no r e a s o n  to 
look  f o r  p e r t u r b a t i o n  so lu t i on .  The c o u n t e r  p a r t  i s  a s e r i e s  s o l u t i o n  wi th  
the f i r s t  f e r m  as  the l e a d i n g  t e r m  and the r e m a i n d e r  of the s e r i e s  a s  the 
p e r t u r b a t i o n  so lu t i on .  T o  c o n s t r u c t  t h e _ s e r i e s  so lu t ion ,  new v a r i a b l e s  t 
and ~ a r e  i n t r o d u c e d  wi th  t = t + t* and ~ = y/(4kt)�89 It shou ld  b e  po in t ed  
out  h e r e  tha t  the c o n s t a n t  t* i s  not y e t  d e f i n e d  bu t  h a s  to c o m e  out  p o s t  - 
t i r e  to m a k e  s e n s e  f o r  the i n i t i a l  v a l u e  p r o b l e m  whi le  in the p r e c e e d i n g  
a s y m p t o t i c  e x p a n s i o n  e i t h e r  a p o s i t i v e  o r  n e g a t i v e  v a lu e  of x o is  a c c e p t a b l e .  

By m e a n s  of s e p a r a t i o n  of v a r i a b l e s ,  the s o l u t i o n  u(G t) wi l l  be  r e p r e -  
s e n t e d  by  w e r i e s  of p r o d u c t  as  f o l l o w s  

u = ~ F x ( t ) ~ x ( ~ ) =  E Axt  "k/2 ( x ( ~ )  (3 .1 )  
k X 

d i f f e r e n t i a l  e q u a t i o n  y i e l d s  F x (t) = A xt -x/2 and the d i f f e r e n -  The partial 
tim equation for ~x, 

I! ~)x + 2 4 ~  + 2 k ~  x 0 (3 .2 )  

w h e r e  ( ') r e p r e s e n t s  d i f f e r e n t i a t i o n  with r e s p e c t  to ~. The  b o u n d a r y  c o n -  
d i t i ons  f o r  s y m m e t r i c  s o l u t i o n  a r e  

= 0 ( 3 . 3 )  

and (~x(~) -~ 0. (3.4) 

With this weak boundary condition at % the eigenvalue X has a continuous 
spectrum, k > 0. To obtain a discrete spectrum for the series solution, 
it is necessary to impose a stronger condition; E8], 

~x(~ ) ~'o(~ "N ) for any N > 0. (3.5) 

With Eq. (3.,5) instead of Eq. (3.4), the eigenvalues are the odd integers 
1,3,5 . . . . .  and the eigenfunctions are the odd derivatives of the error 
function, i .e . ,  

( n ( ~ )  : dn( e r r  ~) /d~n = ( - 1 ) n ' l  [2 /~ �89 (~) 

where H n is the Hermite polynomial [9]. The eigenfunction ~n actually 
fulfills the condition of exponential decay i.e., 

The n e c e s s i t y  of  i m p o s i n g  a s t r o n g e r  a s y m p t o t i c  b e h a v i o r  to ob t a in  a d i s -  
c r e t e  s p e c t r u m  is  s i m i l a r  to what  h a s  h a p p e n e d  in the d e v e l o p m e n t  of the 
p e r t u r b a t i o n  s o l u t i o n s  in b o u n d a r y  l a y e r  t h e o r y .  In the p r e s e n t  c a s e  the 
e x a c t  s o l u t i o n  i s  a v a i l a b l e  and the s t r o n g e r  a s y m p t o t i c  b e h a v i o r  can  be 
c o n c l u d e d  f r o m  the e x a c t  s o l u t i o n  of eq .  (2 .1 )  p r o v i d e d  that  the i n i t i a l  
da t a  f u l f i l l s  the c o n d i t i o n  of eq .  (2 .6 ) .  W i t h  the d i s c r e t e  e i g e n v a l u e s ,  the 
s e r i e s  s o l u t i o n  b e c o m e s  u(x, t) = ~ An(t) "n/2 (~n ( ~ ) a n d  the c o n s t a n t s  A n is  

I, 3, 5 , . .  

r e l a t e d  to the i n i t i a l  d a t a  by  the o r t h o g o n a l  c o n d i t i o n  with exp  (~2) a s  the 
w e igh ing  func t ion ,  

,t.,nJ2; 1 ; A n g (4kt*)�89 exp(~2)(~n(~)d~/  exP(~2)0Zn(~}d~ (3 .6 )  
_ ~  _r  

In p a r t i c u l a r  f o r  n = 1, A 1 = �89 �89 g ~(4kt*) �89 d = g(y)dy(4k)  and 
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co 

the f i r s t  t e r m  which iS �89189 g(y)dy r e p r e s e n t s  the bas ic  source  

solut ion ini t ia ted at the ins tant  t = - t*,  F o r  l a rge  value of t or t', the 
s e r i e s  solution can be ident i f ied with the a sympto t i c  solut ion independent  
of t* [10] .  A d i r ec t  f o r m a l  iden t i f ica t ion  can be "made by the fol lowing ob- 
s e rva t ions  

l im it*)u/2 Hn [y/i4kt*) ] -. 2 / (4k) 
t s - )  0 

and ~,im A n -. (�89 ~ y n-1 g(y)dy/[ (4k)  n/2 in- i ) ) . ] .  
. m  

It should be kept in mind that the s e r i e s  solut ion for  the ini t ia l  value 
p rob lem is val id only when t* > 0 so that t = t + t ~-> t* > 0. With this 
ident i f ica t ion  t* can be defined by eq. (2.9) for  t o f r o m  the s tudy of the 
a sympto t i c  expans ion  of the exact  solut ion.  It is  t he r e fo re  des i r ab l e  to 
find a d i f fe ren t  def ini t ion for  t $ which does  not r e l y  on the knowledge of 
the exact  solut ion.  

Fo r  a given value of  ~, the s e r i e s  solut ion can be cons ide red  as an 
a sympto t i c  solut ion in ~. The f i r s t  t e r m  would be the op t imum one t e r m  
r e p r e s e n t a t i o n  if the coeff ic ient  of the second t e r m  van i shes ,  i . e .  

A 3 = 0 (3.7) 

o r  ; g~ (4k t* ) � 89  = 0 (3.8) 

The vanish  of this  in teg ra l  m e a n s  that the ini t ia l  da ta  is or thogonal  to (1)_3. 
Fo r  the. d e t e r m i n a t i o n  of t*, the var iab le  5 s" r ep laced  by y with ~ = 
y / (4kt*)  i, the ident i ty  exp(~2)03 (~) = 2~r't H2 (~)1= 27r't (4~2-2) is r eca l l ed  

and equation (3.8) becomes / g(y)[y2/(kto) - 2 ] dy : 0 which in turn 

yields t*= ~-~ly2g(y)dy/Ig(y)dY. This definition of t* is identical to that 

in eq. (2.9)which was obtained in a different manner from the asymptotic 
expressions. 

Since the first term is orthogonal to ~3, eq. (3.8), can be replaced by 

/ Egiy ) - A I (t*) "~ 01 (~)]exp(E 2)03i~)dE = 0 
. o o  

(3.9) 

If the f i r s t  t e r m  of the s e r i e s  solut ion is ident i f ied as the bas ic  ~ o h -  
tion and the r e m a i n d e r  is ident i f ied as  the pe r tu rba t i on  solution,  the con- 
di t ion for  the d e t e r m i n a t i o n  of the unknown shift  of or igin,  t*, is  that the 
coef f ic ien t  of the f i r s t  t e r m  in the pe r tu rba t ion  solut ion (the second t e r m  
of the s e r i e s  solut ion) should vanish .  The equivalent  condition,  eq. (3.9), 
s t a t e s  that the devia t ion  of the ini t ia l  prof i le  f r o m  the bas ic  solut ion should 
be or thogonal  to the f i r s t  e igenfunct ion  of the pe r tu rba t i on  solut ion (the 
second e igenfunct ion  of the s e r i e s  solut ion).  The bas ic  solut ion with t* so 
d e t e r m i n e d  will y ie ld  the o p t i m u m  one t e r m  asympto t i c  expansion.  

The ru le  can be shown to be val id a lso  for  so lu t ions  odd in y [10]. This 
gene ra l  ru le  will  be applied in the next sec t ion  to pe r tu rba t ion  solut ions  
in boundary  l a y e r  theory .  
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4, Optimum Blasius Solution 

In the f o r m u l a t i o n  of p e r t u r b a t i o n  s o l u t i o n s  of b o u n d a r y  l a y e r  e q u a t i o n  
wi th  z e r o  p r e s s u r e  g r a d i e n t  and with n o n s i m i l a r  in i t i a l  p r o f i l e s  [ 2 ] ,  the 
b a s i c  so lu t i on  i s  the B l a s i u s  so lu t i on .  With the B l a s i u s  s o l u t i o n  s t a r t s  at 
the o r i g i n  of the c o o r d i n a t e  s y s t e m ,  the l o c a t i o n  of the i n i t i a l  s t a t i o n  x = x o 
is  a r b i t r a r y .  

The  B l a s i u s  so lu t i on  a l s o  r e p r e s e n t s  the l e a d i n g  t e r m  in a s y m p t o t i c  so -  
t e r m s  which  d e c a y s  as  x wi th  l u t i on  f o r  l a r g e  x.  The  p e r t u r b a t i o n  -~,n 

X n = 1, 1 . 887 ,  2 .818 ,  3 . 8 0 0  . . . .  c a n  be c o n s i d e r e d  as  p a r t  of the h i g h e r  
o r d e r  a s y m p t o t i c  s o l u t i o n s .  In the d e v e l o p m e n t  of p e r t u r b a t i o n  s o l u t i o n s ,  
the e x p a n s i o n  p a r a m e t e r  i s  a m e a s u r e  of the d e v i a t i o n  of the in i t i a l  p r o -  
f i l e  f r o m  the B l a s i u s  ~)rofile.  N e v e r t h e l e s s ,  the f i r s t  t e r m  of the f i r s t  
p e r t u r b a t i o n  so lu t i on  f~ l )  shou ld  be  i d e n t i f i e d  with the nex t  t e r m  of  the 
a s y m p t o t i c  s o l u t i o n  f o r  l a r g e  x due  to the fo l l o w in g  a r g u m e n t .  The s e c o n d  
p e r t u r b a t i o n  s o l u t i o n s  which  h a v e  h o m o g e n o u s  i n i t i a l  and b o u n d a r y  c o n d i -  
t ions  a r e  n o n t r i v a l  due to the n o n h o m o g e n o u s  t e r m s  T f : f l , ~  + 2 x ( f : , ~ f l , x ~  + 
" f l , ~  f l , x  )- T h e y  b e h a v e  as  x-2M o r  x "2 f o r  l a r g e  x and the s e c o n d  
p e r t u r b a t i o n  s o l u t i o n  f2 ~ (x, ~) shou ld  b e h a v e  l i k e w i s e ,  t h e r e f o r e  f2,~ (x, ~?) 
d o e s  not  c o n t r i b u t e  a n y " ~ - :  t e r m s .  S i m i l a r  a r g u m e n t s  c an  be  e x t e n d e d  to 
h igh  o r d e r  p e r t u r b a t i o n  s o l u t i o n s .  

The  p o s s i b i l i t y  of the a r b i t r a r i n e s s  in  Xo c a n  be e x p l a i n e d  by  the f ac t  
that  the f i r s t  e i g e n s o l U t i o n  is  p r o p o r t i o n a l  to the f i r s t  x - d e r i v a t i v e  of the 
B l a s i u s  s o l u t i o n  E l l  ] and the f i r s t  e i g e n v a l u e  i s  uni ty ,  i . e . ,  

f(:)l,~l (x, rI) = A 1 )-IN' (rI) = Alt~-~o . o (4.1) 

and ~I = i. 

On the other hand, the second and higher x-derivatives of the Blasius so- 
lution do not fulfill the perturbation equation and the boundary conditions 
and the eigenvalues )t n are not integers for n >__ 2. 

The identification of the Blasius solution fo and the first term of the 
linear perturbation solution f~D with the first two terms of the asymptotic 
solution and the identification of the first eigenfunction f(1) to the x-deri- 
vative of the Blasius solution permit the combination of the first two 
asymptotic terms to one term, the "optimum" Blasius solution. The com- 
bination is accomplished by choosing x such that f(l I) vanishes or the coef- 
ficient A I in eq. (4.1) vanishes. The condition for the determination of 
x o is obtained from eq. (i. 7), 

o 

T h i s  is  e q u i v a l e n t  to the S t a t e m e n t  that  the d e v i a t i o n  of the i n i t i a l  p r o f i l e  
f r o m  the B l a s i u s  s o l u t i o n  is  o r t h o g o n a l  to the f i r s t  e i g e n s o l u t i o n  NI(N) o r  
N f ' - f o .  With the l o c a t i o n  of the i n i t i a l  s t a t i o n  Xo d e f i n e d  by  eq .  (4 .2) ,  the 
c o r r e s p o n d i n g  B l a s i u s  s o l u t i o n  wi l l  be o p t i m u m  one t e r m  s o l u t i o n  in the 
s e n s e  that  it  wi l l  d i f f e r  f r o m  the c o m p l e t e  so lu t i o n  a s y m p t o t i c a l l y  a s  x-X2 
o r  x "1"s8~ i n s t e a d  of x q . T h i s  m e t h o d  of d e t e r m i n a t i o n  of Xo and the 
o p t i m u m  one t e r m  s o l u t i o n  i s  p a r a l l e l  to that  in the p r e c e d i n g  two s e c t i o n s  
f o r  s o l u t i o n s  of s i m p l e  h e a t  c o n d u c t i o n  e q u a t i o n s .  

The  u s e f u l n e s s  of th i s  o p t i m u m  B l a s i u s  so lu t i o n  wi l l  be t e s t e d  by  c o m -  
p a r i s o n  wi th  the e x a c t  n u m e r i c a l  s o l u t i o n s  of the b o u n d a r y  l a y e r  e q u a t i o n  
[12, 1 3 ]  f o r  s e v e r a l  t ypes  of  i n i t i a l  p r o f i l e s .  
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The f i r s t  type of in i t i a l  p r o f i l e s  is a s s o c i a t e d  with the b o u n d a r y  l a y e r  
a long  a wa l l  wh ich  is  p e r m e a b l e  f r o m  x = 0 to x = L, and is  i m p e r m e a b l e  
f o r  x > L.  The s o l u t i o n  f o r  x < L, is  s i m i l a r  and m a y  be ob ta ined  f r o m  
Low [ 1 4 ] .  The s o l u t i o n  f o r  x > L, i s  n o n s i m i l a r .  Since the t a n g e n t i a l  v e -  
l o c i t y  p r o f i l e  at the s t a t i o n  x = L,  is  c o n t i n u o u s  [15] ,  the in i t i a l  p r o f i l e  
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Figure 1 - Variation of the skin friction for after injection, fw = -0.5/%/~ 
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Figure 2 - Variation of the skin friction for after injection, fw = -0.75/'V2. 
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Figure 3 - Variation of the skin friction for after injection,  fw = "l'O/'Vr2 

at x = L is provided by the continuation of the similar solution from 
x < L t o x = l .  

Three initial profiles corresponding to three different rates of injection 
in the permeable region; fw = -0.5(2)'�89 -0.75(2) "�89 and -(2) "�89 are consi- 
dered. Figs. 1, 2 and 3 show the comparison of numerical solutions of 
shearing stress along the wall with those from Blasius solutions with x o 
defined in various manners. The shearing stress is nondimensionalized 
with respect to the Blasius value originated at x = 0. The horizontal line 
m/•- o = 1 which represents the one term Blasius solution with Xo = L and 
differs significantly from the numerical solution even at x - x o = 10 L. 
The Blasius solution with Xo defined by matching the momentum thickness 
is very close to the optimum Blasius solution with x o defined by setting 
AI = 0. Both solutions are in good agreement with the numerical solution 
for x - x o > 2L as shown in Figs. 1, 2, and 3. 

A11 three initial profiles, g(y) are of the type quite similar to Blasius 
profile in the sense that they are monoLonically increasing functions of y 
and their derivative, g'(y) is monotonically decreasing function of y, ex- 
cept at small value of y where g'(y) increases slightly f rom g'(0) to a 
maximum. In the next two examples, the initial profiles will be quite dif- 
ferent from the Blasius profile. 

Fig. 4 shows an initial profile which simulates the problem of free 
mixing in the vicinity of a fiat wall. The velocity profile at the initial 
station x = L is composed of a free mixing profile [16] with velocity ratio 
0. 5014 on top of a Blasius profile. Both the mixing layer and the boundary 
layer start at x = 0. The initial profile g(y) is monotonically increasing 
in y but the derivative g'(y) decreases to a positive minimum and then in- 
creases to a maximum and finally decreases to zero as y increases. The 
shearing stress at wall is nondimensionalized by the Blasius value origi- 
nated at x -- 0 or x o = L. Fig. 4 shows that the Blasius solutions with 
x = L or with x o defined by the matching of displacement thickness or 
momentum thickness are quite different from the numerical solution even 
for x - x 0 "~ 10 L. The optimum Blasius solution is approaching the nu- 
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m e r i c a l  s o l u t i o n  r a p i d l y  f o r  x - x o > 2 L .  
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Figure 5 - Variation of skin friction for wake boundary layer interaction. 

F i g .  5 s h o w s  an i n i t i a l  p r o f i l e  a t  x = L w h i c h  s i m u l a t e s  the  i n t e r a c t i o n  
of the  w a k e  b e h i n d  a s m a l l  c y l i n d e r  w h i c h  i s  s u b m e r g e d  i n s i d e  the  b o u n d a r y  
l a y e r  a l o n g  the w a l l  o r i g i n a t e d  at  x = 0. The  e n g i n e e r i n g  o b j e c t i v e  i s  to 
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r e d u c e  the  s k i n  f r i c t i o n  o r  r a t h e r  the f lux at  wa l l .  The  i n i t i a l  v e l o c i t y  
p r o f i l e  i s  not  m o n o t o n i c a l l y  i n c r e a s i n g  wi th  r e s p e c t  to y .  T h e r e  i s  a r e -  
d u c t i o n  in v e l o c i t y  in the w a k e  r e g i o n .  F i g .  5 s h o w s  a g a i n  tha t  the  o p t i -  
m u m  B l a s i u s  s o l u t i o n  a p p r o a c h e s  the n u m e r i c a l  s o l u t i o n  r a p i d l y  f o r  
x - Xo:~ 2 L .  

The  e x a m p l e s  in th i s  s e c t i o n  d e m o n s t r a t e  tha t  the o p t i m u m  B l a s i u s  s o -  
l u t i o n  w i l l  a p p r o a c h  the  e x a c t  s o l u t i o n  r a p i d l y  not  on ly  f o r  the  c a s e s  w h e r e  
the i n i t i a l  p r o f i l e s  d e v i a t e  s l i g h t l y  f r o m  a B l a s i u s  p r o f i l e  bu t  a l s o  f o r  the  
c a s e s  w h e r e  the t y p e s  of p r o f i l e s  a r e  qui te  d i f f e r e n t .  

5. Concluding Remarks 

The  s o l u t i o n  of b o u n d a r y  l a y e r  e q u a t i o n s  wi th  z e r o  p r e s s u r e  g r a d i e n t  
and a g i v e n  i n i t i a l  p r o f i l e  b y  p e r t u r b a t i o n  f r o m  B l a s i u s  s o l u t i o n  d e p e n d s  
on the a s s i g n m e n t  of the d i s t a n c e  x o f r o m  the o r i g i n  of the B l a s i u s  s o -  
l u t i o n  to the i n i t i a l  s t a t i o n .  It i s  the p u r p o s e  of t h i s  p a p e r  to f ind a f o r -  
m u l a  to d e t e r m i n e  x o f r o m  a g i v e n  i n i t i a l  p r o f i l e  wi th  j u s t i f i c a t i o n .  T h i s  
i s  a c c o m p l i s h e d  b y  a s y s t e m a t i c  s t u d y  of  the r e l e v e n t  p r o p e r t i e s  of  the 
s i m p l i f i e d  b o u n d a r y  l a y e r  e q u a t i o n ,  the u n s t e a d y  h e a t  c o n d u c t i o n  e q u a t i o n .  

F o r  u n s t e a d y  l i n e a r  h e a t  c o n d u c t i o n  p r o b l e m s ,  the a s y m p t o t i c  s o l u t i o n s  
f o r  l a r g e  t a r e  o b t a i n e d  f r o m  the e x a c t  s o l u t i o n  of the i n i t i a l  v a l u e  p r o b l e m  
s t a r t i n g  at  t = 0. It  i s  s h o w n  tha t  e i t h e r  f o r  an  e v e n  s o l u t i o n  o r  an  odd 
s o l u t i o n  the s e c o n d  t e r m  in the a s y m p t o t i c  s o l u t i o n  c a n  b e  a b s o r b e d  b y  
the f i r s t  t e r m  wi th  a sh i f t  of  the t i m e  s c a l e  to f o r m  an  o p t i m u m  one  t e r m  
s o l u t i o n .  T h i s  p r o p e r t y  i s  due to the f a c t  tha t  the t i m e  d e r i v a t i v e  of a 
s o l u t i o n  i s  a l s o  a s o l u t i o n  of the e q u a t i o n  and a l s o  p r e s e r v e s  the p r o p e r t y  
of  e v e n  o r  odd.  The  e v e n  s o l u t i o n  i s  e q u i v a l e n t  to the s o l u t i o n  Of f a r  wake  
p r o b l e m  and the odd s o l u t i o n  i s  tha t  of  the l i n e a r i z e d  b o u n d a r y  l a y e r  e q u a t i o n .  
The  r e s u l t s  in S e c t i o n  2 c a n  b e  r e a d i l y  e x t e n d e d  to two o r  t h r e e  d i m e n -  
s i o n a l  p r o b l e m s .  

In S e c t i o n  3, a s e r i e s  s o l u t i o n  f o r  an  e v e n  o r  odd l i n e a r  h e a t  f low p r o b l e m  
i s  d e v e l o p e d  b y  a m e t h o d  of s e p a r a t i o n  of V a r i a b l e s  s i m i l a r  to the v a r i  ~ 
a b l e s  in  p e r t u r b a t i o n  s o l u t i o n  of boundary_  l a y e r  e q u a t i o n .  T h e r e  i s  an  
a r b i t r a r y  sh i f t  of  t i m e  s c a l e  f r o m  t to t = t~+ t* so  tha t  at  the i n i t i a l  
s t a t i o n  t = t * > 0 .  T h e  e i g e n v a l u e s  a r e  d i s c r e t e  s u b j e c t e d  to the c o n d i t i o n  
tha t  the s o l u t i o n  d e c a y s  e x p o n e n t i a l l y  w i t h  r e s p e c t  to the s p a c e  v a r i a b l e  
and t h e  s e r i e s  s o l u t i o n  e x i s t s  i f  the i n i t i a l  p r o f i l e  d e c a y s  e x p o n e n t i a l l y  
wi th  r e s p e c t  to the s p a c e  v a r i a b l e .  

The  f i r s t  t e r m  of the s e r i e s  s o l u t i o n ,  the f i r s t  e i g e n s o h t i o n ,  i s  i d e n t i f i e d  
wi th  the  l e a d i n g  a s y m p t o t i c  s o l u t i o n  wi th  the s a m e  sh i f t  of t i m e  s c a l e .  When  
the t i m e  sh i f t  t* i s  so  c h o s e n  tha t  the s e c o n d  t e r m  of the s e r i e s  s o l u t i o n  
v a n i s h e s ,  the f i r s t  t e r m  i s  i d e n t i c a l  wi th  the o p t i m u m  one  t e r m  a s y m p t o t i c  
s o l u t i o n .  The  c o r r e s p o n d i n g  v a l u e  of  t* i s  d e t e r m i n e d  by  the c o n d i t i o n  tha t  
the s e c o n d  e i g e n s o l u l i o n  i s  o r t h o g o n a l  to the i n i t i a l  p r o f i l e  o r  to the d e v i -  
a t i o n  of the i n i t i a l  p r o f i l e  f r o m  the l e a d i n g  t e r m .  T h u s  t* and the o p t i m u m  
one t e r m  s o l u t i o n  a r e  d e t e r m i n e d  wi thou t  the k n o w l e d g e  of the e x a c t  s o -  
lu t ion .  I n  S e c t i o n  4 th i s  m e t h o d  i s  a p p l i e d  to b o u n d a r y  l a y e r  p r o b l e m s  
w h e r e  the e x a c t  s o l u t i o n  i s  not  a v a i l a b l e .  

F o r  b o u n d a r y  l a y e r  wi th  z e r o  p r e s s u r e  g r a d i e n t ,  the B l a s i u s  s o l u t i o n  
c a n  be  c o n s i d e r e d  e i t h e r  a s  the l e a d i n g  t e r m  f o r  the p e r t u r b a t i o n  s o l u t i o n  
o r  the f i r s t  t e r m  of the a s y m p t o t i c  s o l u t i o n .  The  d e v e l o p m e n t  of  the p e r -  
t u r b a t i o n  s o l u t i o n  wi th  the e x c e p t i o n  of n o n l i n e a r  t e r m s  i s  s t e p  b y  s t e p  
the s a m e  a s  tha t  f o r  the s e r i e s  s o l u t i o n  of the h e a t  t r a n s f e r  p r o b l e m s  
wi th  i t s  l e a d i n g  t e r m  i d e n t i f i e d  a s  the B l a s i u s  s o l u t i o n .  In p a r t i c u l a r ,  the 
p e r t u r b a t i o n  e q u a t i o n  h a s  d i s c r e t e  e i g e n v a l u e s  if  the s o l u t i o n s  a r e  r e q u i r e d  
to d e c a y  e x p o n e n t i a l l y  in y and  the c o e f f i c i e n t s  of the p e r t u r b a t i o n  s e r i e s ,  
eq .  [ 1 . 7  ] w i l l  be  f in i t e  if  the i n i t i a l  p r o f i l e  d e c a y s  e x p o n e n t i a l l y  a l s o .  T h i s  
c o n d i t i o n  h a s  u s u a l l y  b e e n  t a k e n  f o r  g r a n t e d .  The  f i r s t  t e r m  of the p e r t u r -  
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bation solution is identifiable with the second term of the asymptotic solution 
which is proportional to the x-derivative of the Blasius solution. The se- 
cond term in the asymptotic solution disappears if the first term of the 
perturbation solution vanishes. The condition for the distance Xo between 
the origin of the Blasius profile and the initial station is therefore defined 
by the condition that the deviation of the initial profile from the B1asius 
solution is orthogonal to the x-derivative of the Blasius solution. The 
corresponding Blasius solution yields the optimum one term asymptotic 
solution. The conclusion is also justified by comparison with numerical 
solutions of several initial profiles whether of the same type or different 
from the Blasius profile. 

It should be noted that instead of integral representations, series solu- 
tions with discrete eigenvalue are obtained either from the linear heat 
transfer problems or for the perturbation problem of boundary layer equa- 
tions by restricting the initial profiles to the type with exponential decay. 
This restriction is not severe from the engineering point of view, there- 
fore, the possibility of developing the series solution with a restricted 
initial profile to other problems should be explored further. 
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